CHAPTER: VIH. 
FORM [Fe J/R)dz, WHERE R IS QUADRATIC. 
275. The integration of expressions of the type 


AJY 
can be effected in all cases for which XY and Y are rational 
integral algebraic expressions of degree not greater than the 
second. 
There are four Cases : 


I. X and Y, both linear. JY 
IL X quadratic, Y linear}  PuY-y 
IIL X linear, Y quadratic. Put X=: 


IV. X quadratic, Y quadratic. Put L-y or y. 


The general substitution i =y or y? will effect the integra- 


tion in all cases. But the simpler substitutions noted, viz.: 
/Y=y in Cases I. and II. 


and X=; in Case IIL, are better. 
Case IV., in which we employ the substitution 
Y 2 
Y? or y^, 
is much more troublesome, but includes the previous ones. 


We shall, in all cases, assume the radical VY to be real. 
276. Case I. X linear, Y linear. 


Let I= | — 5 ——. 
(az -- b) | pz 4- q 
275 
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Putting /Y=/ pe+q=y, 
pde ET 
2 / px +q 
and az+b=5 (y°—9) +b. 


Thus J becomes of oe 


which being of the standard form ‘ 
2( dy 2. 0p aq 
ont , Where À? = a 

is immediately integrable, viz.: 
ct 


-1 -l 
; tan A or X eoth x? 


according as up is positive or negative, 


Ve. i Ji esce tan 5 XE a(pz- q ) 
Ja(bp—aq) Jop—aq 
or = PR ae eoth-! MEY T 17 a px + 49), 


LR Jaq —bp 

: s n- qx -+ 
is a Ti a NE JEH care 
^, Bia ac ha peo E pz --q 
lis p om p Vs ts +b" 


with other forms, the real one to be Mane in each case. 


277. Another Method. 
The last form shows how the factors of the integrand are 
involved in the result of integration, and indicates that the 


substitution P. Jay mentioned above as the general sub- 


stitution would have led directly to this result. 


If we elect to proceed in this way, viz. putting eros OS =y’, 


azx--b 
we have 
idee ais. 2.9 Y. 
uns MM T y? 
ds 0 fg de 5 p M. 
"(ax--b)(pr-Fg) bp—aq y aq—bp y` 


MIAN FOIN Ar a 
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by —q Oprah tape! 
Now Pipe Ter and pa+q= p-ay © ay—p 


When bp — aq is positive, 
nc NS Es HIE. MÉN (x 
feme mmm vop -ag Jp —ay* 
2 dy 
= a j| 
Va(bp aq Pyp 


= CY ee sin-t Af a y 
Va(bp aq) p 
or other forms. 
When bp —aq is negative, 


d 
| cen peta” up mic 
2 dy 
aed n —r 
ae =p) a z 
or = nh J -žy 
mem T5)" 


or other forms, the real form to be chosen in each case. 


278. Illustrative Examples. 


dz 
Ex. 1. Integrate wl dien o 
FOU E (24-3)  Áz b 
2dx 
Put =y ? ^o ym . 
u MArt5-y; ~ Sth dy. 
Also 2543-71, 


- ER E 
n I= [33 tan 4z 4- 5. 


Ar 4-5 ; 32—5 dz 
Again, if we put 437a te 7—3(8—5) and de =F” 
afgaat NE (Art. 87), 
" 4 2r4-3' 
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which is the same as before, but exhibits the result as a function of both 
the factors of the integrand. 


Ex. 2. Integrate Iz f H 
- cz 
Let A/2— 123; . Jem —— = — 9d, ; ; 
. parce | Iu T IPAE (ie 
. I= dE = f J dy= En TS 


aee 1l uL NET #41 T 
12 = 1 log SEI weed , or other forms. 
279. An Extension. 
The same substitution, viz. ~ Y=y, will suffice for the 
integration of (2) da 
AST v 
where X, Y are both linear and ¢(z) is any rational integral 
algebraic function of z. 


ri 
For if Yzpz--q-y?, then ent, and pdz-2ydy; 


$(z)dz (Eu 
= T? Pout 


ey - 
and if o(4—*) be expanded in descending powers of y? and 


then divided by aj? -- (bp — aq) till the remainder is independent 
of y, we have to integrate with regard to y an expression 
of form b 
2n—2 2n-4 2n-6 eae see 
Ay +4,y +A,y tech t LE pag)’ 
n being the degree of ¢(a) in x; and each term is at once 
integrable, after which operation y is to be written back as 


Vpe+4 


280. Ex. Integrate pf" 
"— (z— aires 


=2dy and »— 3? — 2, so that 


PA da: 
Writing /x+2=y, we have UST 


2 9\4 
Zu =p - by +9964 0 by division. 
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" *—55*49)* = JE 


=L- yta- 5y — Joe a 


NU 7 (x--2P -21(z4-2)—35) — Jet NER. 


er 


te [= (a3 — 2? + 5x2 — 13) - — 
if the KEk form be preferred. 


281. Forms reducible to Case I. 


279 


N3 Mi 


a Xr 4-2 -/3 
B 8 Tc+24N3 


The student should note the variety of forms reducible to 
the case considered, viz. X linear, Y linear, by a proper sub- 


stitution. For example, 

1 sin 0 d0 

J [reor ve 87 04-9 

(2) f A/cosec 0 d0 

(a cos 8-- b sin 0) V p cos 6+qsin 0^ 

cos 0 d 

ai Ferr nm worm ner 

(4) f L cos 6+ M sin 0d0 

J (a cos* Ó-- b sin* 0) / p cos* Ó-- qsin* 0" 


ei dz 
e J (a+ be) p+ ge" 


dæ 
MET 


(7) Í 2. cw dnsqiisx 
(ax 4- b) v z(pz--q) 
etc. 
282. Ex. Integrate 
14-2 cos* 0 


put cos d=, i.e. 0—cos-iz. 
put cot 9—2, ie. 0—cot-!z. 


put cot? —z, i.e. Ó—cot-! A z. 


separate into two integrals, 
put cot*Q—2z in one and 
tan? 9 — y in the other. 


put =y, i.e. z— log y. 
put logz-y, 4e s=. 


1 
ut r=- 
serge 


17 [ cos? Q)^/ 1 +3 cos? @ cos* Ó 


Put tan? 0=y; 


1- [ sec* +2 
(sec? 8 -- 12) Vsec?6+3 


^. 2tan sec? dü—dy ; 
2 
in groto domt aUe, 


(y 4-13) y 4-4 
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Now put Nyt+4=2; ~. y=2*-4, dy=2z2dz; 
i A-62+1] EAP 
vore J(e -B*AYG 

oga 146 


— 15z z+- tans, where z=Vy +4=tan?6+4; 


- PAC. ah 15 (tant 04 4) 18 qas ftnt 


or 


incur — 15 (sec? 94-3) + = tanien O43, 


283. CAsE IL X quadratic, Y linear. 
Mz+N 
Let I= [ TUBE. on 4 URBE 
(aa? + bz 4- c) / pz -+q 
The terms Mz+WN now existent in the numerator do not 
introduce any difficulty and make the result more general. 
The same substitution being ur viz. / Y — y, we put 
| a/ 224). dci PARN: NE daz = d E 
a2? -- bx -- c reduces to the form Ay*+By?+C 
and . Mz--N reduces to the form M’y?+N’ 
2t My?+N’ 
Thus J pe s form p lager dy 
‘y?+- NV’ s à j 
Apt BFO can be thrown into partial fractions 


of the form Ay F u Ny tp’ 

ay’ +Byty ay +B yty ’ 
and each portion is integrable by earlier rules (Arts. 155 
and 156). 


dz, M and N being constants. 


Now 


284. Extension. 
Further, it is evident that the same substitution will effect 
" ; $(r)dx j 
the integration hare WE where $(x) is an 
a (aa + ba + c) pz 4- q e d 
rational integral algebraic function of z. For when pr+q=y’, 
s y?—q da 
4.6. $£-—*——* and tá : 
p "* Jpq P5 
wees reduces to the form 


Ay?" +4,4?" -2+ A,y***+...+Ay 
Ay‘+By?+C 
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where n is the degree of (x) in æ; and therefore, by division 
and our rules for partial fractions the integrand may be 
expressed as 


Ay +u Ny tn’ 
2n—4 2n—6 Pe. & ¢. Te? oo 
Boyett Puy eo Past oes By ty Tay BY Y" 
and each term is integrable. 
j d(x) dz 
ae = aes 


where ¢ and x are any rational integral algebraic functions of 
z, may now be seen to be integrable by the same substitution, 


for it becomes ; 

$(*— 
and the new integrand can be bd aai by partial fraction 
methods (Art. 152, d in the form 


AY +y 
Ey DTE "ayt ay cio CEByO 


dna. vos efi 
toy *+By+Cy’ 


and integrals of the expressions of the first four terms can be 


obtained by the rules given before, and the integral of the 
last by aid of the reduction formula established in Art. 238. 


“+2 


285. Ex. 1. Integrate I= [rau E wm A 
Putting Vr +1=y, we have JETA, 


and I-2 [05 119-7 =| (pit y! y-yn)* 


2 2541, 2 2y—1 2 PERS! 
= tan- tanc = canta 
A3 J3 *J8 3 A/3 z 


2 = +1 
7g e 3 V zia pat ome 


| fa$-5z—-37 _ de 
Ex. 2. Integrate Fs (5752 JM 


Put 4x-l-y; ~. Enid and z-—1-43*; 
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(1+y?)?-5(1+y?) - 37 
(1.332 —7 (14-5?) — 30 
95-35 - 45 
ur 5y? — 36 7 
y5-3y)—41 4 3 
diris 9) 


1 


=2y+ tan-1% -— Scoth- 


. [=2 dy 


=2N z — 1 tani 2 - 1-5 tath ET, 


286. Forms reducible to Case II. 

The student should again note the variety of forms which 
may be brought under the foregoing rule by suitable substitu- 
tions and integrated. 


"Thus 
vsin 0 d0 
1) | =i aa t 0—cot^!27. 
he cos? Q-- b sin Ó cos 0 4- c sin? 0) ~p cos 0+ gsin 0 rent 
(2) Jas AxN sin 6+ BA/cos 0 dé separate into two 
acos*@-+bsin cos Ü--csin? @ Vpcos6+qsing’ ^ integrals, ^ Use 
0—cot-!z in the 
one and 
0—tan-!y 
in the other. 
ANsinh z+ BN cosh x dx Ry 
(3) f a cosh? x + b sinh x cosh «+c sinh?.c Vp cosh v+q sinh x bimilarly, 
(4) aE Asin 2+ BVcos z dx from (2). 
À 4 cos 22 + v sin 2z MIp cos z-4- qsin æ’ 
(5) ANsin « + BN cos z da l from (4). 
a+bcos(2a+a) cos (z+) 
287. CasE III. X linear, Y quadratic. 
The proper substitution is now X — : . 
(az 4- b) / pz? -- qz 4- 
Putting az--b-— 7 we have, by logarithmic differentiation, 
dm __idy 
ar--b ay 
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iet Ns ie 
and part qo+r=2 (ob) t b)+r, 
ie. of form DICEN. 
Hence the integral has been reduced to the known form 
«ROLL. ASAE 
Herran 2By+C’ 


which has been discussed in Art. 80. 
Ex. Integrate 


a 
J (@—-1) Va? 4242" 
da dy 


z-—1 y 


d 
Hence I-- 
eve i EC "T 
y y 
as! 


=- (7 - - [Len 
Ji-3y-3  JJa3-(yX1j 8 


Let x-1 =>, and therefore 


wdi L 
(x-1W2 
288. Forms reducible to Case III. 
Again we note the varieties of integrals which may be 
reduced to the present form by a suitable transformation, 
for instance: 


sin 0d0 


1 qp t — 1 
0) rr PW OGG put cos 0 — a. 


put cot 0 — x. 


esr uA s 
(a cos 0 -- b sin 6)\/p cos? 6 + q sin 6 cos +r sin? 
sin 8 cos 0 d0 


————————————M——R 9 t t? =, 
©) [or T PURI WEIT EET TTTTETTI ptor. 


oji put zy. 
a (aa + ba-")N px + q 3 ra 


PUE VE josh aae WD fro 
©) cos(9+a)Va+bcos 2(6+f) M 


etc. 
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289. Remarks, 

It will now appear that any integration of the form 
IDA L.S DA 
(az --b),/ pa? -- qz- 


can be effected, p(x) being any rational integral algebraic 
function of z. For by division we can express AD, in the 
az--b 
form : 
Aaly Az" E An 4. dA, u22-AÀA44-——À 
where n is the degree of $(z) in z, 
A,x*1+...+A,i2+A, 
is the quotient, and M the remainder independent of z. 
We have thus reduced the process to the integration of a 
number of terms of the class 
Ez" dz 
J J pa gate 
M dz 
(az +b) pa? -- qx 4-7 
The latter has been discussed in Art. 287, and integrals 


of the former class may i obtained by the reduction formula 
of Art. 240, viz. 


Mp (n Irlan] Gut mplo, 


M 
ax+h’ 


and one of the class 


I standing for IE LE 
pz? 4- qz 4- 
that is, 
j nami pt? +ge+r 2m— 2m —197; na m — m-lrry 
mp 2m p "- "H— 4. t 
35--2?--9 
Ex. Integrate Is [oet 
By division S a Sese 
a a x? 
I= UM rd ———M 
fox lent vente)” 
ada 
a fs | 
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Then 
A, sinh-iz, 
L=N 27+ l; 
pn : z T. sinha, by the reduction formula (m=2), 
2 Jn] 
I t het -$ JFT, 
i oae sel i doit i d ihig. 
4 4 4 2 
1 
and for the last part of the integral, viz. 2 frit t+1= y 
peat ey 
Lal oy * 


^ foem TL eria T $T - [o 2y 4-1 
eo ee 
im nw NE. sae (2y — 1) 


3 02 E aN 5 
= ge liz 


dz 
us 474a t 4a ED 
OE AVET LEN 


T 
pu -1 
g sinh cz — A/2 sinh- I =: 


290. Extension. 
Further, we are now in a position to effect any integration 


of the form 
po _a 
x(2) Jpa?+qat+r’ 


where $(z), x(z) are rational integral algebraic functions of g, 
and all the factors of x(x) are real and linear. 
For putting an into partial fractions, as described in Arts. 


140 to 146, 
A. uis B C 
xe m E oe oe 
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Hence the integration can be performed when we can 

integrate 
anda ded l da 
J/pz*--qz--r' J(e—b)J/pa?+qa+r’ J (x—e)'/ pa?--qx4-r 

The first, species of integral is reduced as already explained 
by the formula of Art. 240. 

The second species was discussed in Art. 287. 

The third species can be reduced as explained in Arts 244, 
or obtained from 


da: 
kou 
by n—1 differentiations with regard to c, as will be explained 
later. 


EXAMPLES. 
Integrate the following expressions : 
1 1 1 cH z*-r4l 
` aati ^ (rc-l)/z42| (x—-1)/z4-2! (m2) /z—1 
EN EN TOME FONS 
' (z*- 1) z (zi--9z--2) r+ 
g x?+l 
(z*--9z--2)J z--l' (z*--2x--2) m 4-1 
1 M x zio-r41 


9 — = 
anast (æ+1) r+ GIA > (atx? +2043" 
4. Prove that 


f gs ha i tan-! Ni z or » log Nr — 
(a+eVa Ve c J- PME m. 
according as c is positive or negative. [C. S., 1904.] 
5. Integrate HEF ES RU d oa i 
cos 0 (cos 0 + sin 0) /2 cos 0 + 3sin 0 
6. Integrate —__Vsin + cos (gb >0). 
(a? cos? 9 — b?sin? 0) Aj cos (6-7) 
tan 20 (x3 + 1)? 
LET I te t -E L” 8. I te t —— e 
T * Moos s 8 + sin®O ic Ju ETETE rE 
9. Integrate 


1 1 1 1 
N (a= x)(x- b)* (a—2x)Na-b? (w—b)Na—a’ (lta)N1 422 
[Sr. Joun’s, 1890.] 
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10. Int te a Fao A bia. M 
Tere c an (x-as —b) [CoLLEGEsS, 1876.] 
11. Show that 


x-3 
———— da —cosh-1(9x — 3) 4- 
[o y ( ) 


3 _/4-— 3) 
Jà cosh 1 ( P é 
[Sr. Jouw's, 1883.] 


z—a 


12. Integrate z-B JUNI (p*7 9). [a, 1887.] 


13. Integrate 
: dz L. dx 
9 | gr Hei * [Corr., 1879.] (ii) f PAF ET [e, 1883.] 


un) J TU er a [I. C. S., 1888.] 
14. Integrate e 
e J (1—2)V1—2? sai eei a [Trinrry, 1890.] 
Gii) Joane [Cout., 1892.] 
15. Integrate 
Hdx dx : 
Jed +A? J (w@ +1)(@+2) (e438) 
(Maru. Trip., Pr. I., 1920.] 
291. Case IV. X quadratic, Y quadratic. 
The integral is now of the form 


" Mz--N 

| (a42? 4- 2b,z + c) ax? + 26.0 + Pie 
where a linear factor has been inserted in the numerator, as 
in Case II., for the same reason. [See also Art. 1894, Vol. II.] 


Before beginning the integration we make the following 
preliminary remarks: 


292. (1). The numerator of the subject of integration is for 
the present linear. We shall consider later, as in previous 
cases, a numerator which is any rational integral algebraic 
function of g, viz. $ (x). 


293. (2). The cases b,22a,c, and b,?=a,c, are excluded. 


For (a) if bj? —a,c,, the expression Jasz?-- 2byr +c, becomes 
rational as regards z, and such integrations have been already 
considered. 
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Mz+N 
342? + 2b,2+¢, 
would be resolvable into partial fractions either of the form 
A 
fe+g 
or LET + LE (if 5,?—a,c,), 


(8) If bP Z ac, 


EL (if b,? 2040) 


and the forms of integral resulting have already beén con- 
sidered in Articles 287 to 290. 


294. (3). a, may be regarded as positive without loss of 
generality, for in any case in which this is not so, we may 
change all the signs of the factor aj2?-4-2b,z-F-c,, and finally 
change back the sign of the result when the integration has 
been effected. 

Hence we assume: (1) a, positive, (2) a,c, — b,? positive. 

295. (4). We shall assume the subject of integration real. If 
b, >QC, the expression a,42*--2b,z--c, has real factors, and 
may be written 

zd,(r—A,)(z—X,, say, where A, — Àg. 
In order that the radical should be real, we must therefore 
confine both the limits of integration to lie 
either between — œ and 2, 
or between A, and +00 
or between A, and A, when a, is negative. 

If b,2<a,c,, the factors of a,2*--2b,z--c, are unreal, and 
the condition a, positive is all that is necessary that the 
radical may be real for all values of z. The limits of inte- 
gration in this case may therefore be any real quantities 
whatever. 

296. REDUCTION TO A CANONICAL Form. 

(5). Lemma. Any three expressions of the forms 

Mz--N, a4?--2b,4x--c,, a$4*--2b,r4-c, 
can be in general simultaneously thrown into the forms 
PAH, né rne. PÉ tHL. 
where £, are linear expressions of forms z—2,, x—2, 
respectively. 


} when 4, is positive, 
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In order to do this it is necessary to determine the eight 
quantities (z,, £2), (P, Q), (p,, qı) (ps, q2); and we have eight 
linear equations to find them, viz. 

P! +m = % P +e = 4, P +Q = M, 
PT, +4 %, =—b,, pg H12 =—b,, Px,+Qz,=—N, 
Pit Hg = 0, PHI = Cp. 

It follows that 


b aay a, 1, l, y 

Da 2,4, —b, |20 and Z,, X —b, |=0. 
2 g3 2 2 

BL af w« m$ c9 0 


Also, as the consideration of the cases in which X or Y are 
perfect squares is to be rejected, we may assume z, not equal 
to Ly 

The determinants give at once on division by z,—2;, 


TH RR a) 
Ay L +b, +2) H-0, — 0, 
3 2,2, 2, +2 1 
1.€. pL —- 1 1.2 _____; 
b, —b,, c,4,—c,0, a;b,—a;b, 
whence z, and z, are determined, being the roots of 
(a,b, —a,b,) p? — (Ciao —e,a,)p-I-(b,0; —b,0,) — 0,  ...... (2) 
1. Cp?— Bp-- A — 0, 
where A, B, C are the co-factors of a, b,c, in 
Aala, b, c |=aA+bB+c0. 
à, b, e 
d, b c, 
That is, p is given by | 1, —p, p? 
a,, 5b, e |=0. 
dy b, c 


The remaining six quantities are found at once by solving 
the equations 


Preees } or 2s, } or M, } "P CRINE 3 

pz, +92 — —b,, —b, =H, x 
which give 

(Pi 1) (Po d»), (P, Q) respectively. 
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297. It may be remarked that the equations (1) may be 
reproduced immediately from the functions 
a,z?--2b,z--c,, ax?--2b,z--c, 
by the simple rule: 
“For x? write z,z,; for 2% write (z,--z,) and leave the 
coefficients unaltered." 


In the case when “t= =% equation (2) has one root infinite. 
2 


Now therefore the genial theorem of our Lemma fails, and 
the case must receive separate consideration. 


298. (6). In this case, viz. a= as 1, the three expressions are: 


sel 
a j b,\? bj 
1 2 2. 
Mz--N, a, (e421) IN ‘ate. (+7!) +e, "X 


and putting zh =f= z+? j 
1 2 


they are M (eb). a, & --c LR a, +e WS 
à, ry ih rs 27 qe 
and therefore are simultaneously reducible to the forms 
PE+Q, PÊ Po? +9, 
i.e. the same as if we put £,—1 in the former transformation. 
299. (7). When die ifi the two quadratic functions are 
. dg Og Cz 
the same function, and-the integral takes the form 
IS [ E, Mz+N 
(aa? 4-9bz --c* 
and a réduction formula may be used to connect with 
M'z4-N' d 
(az? --9bz--c)* 
which has been considered before (Art. 85). Or the integral 
I may be deduced from the latter integral by differentiation 
with regard to c. 


300. ILLUSTRATIVE EXAMPLES. 


Ex. 1. In the case 
34-11 
(723 — 4674-103) 1153 — 700-4156" 
Tay — 23 (2, 4- 9) + 103 —0, whence 7,--25—0, 
Beech dischi x35, 
and therefore z, —1, z,—5 (the order is immaterial). 
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Also p+q= 7, or =l, or, = 3; 
p+5q=23, =35, =11, 
giving A= 3) or p= 5, or P= 1, 
qi 4, a= 6, Q= 2, 
And the transformed result is therefore 
e is. p m 
(36,2 + 48,2) V5E2+ 66." 
Ex. 2. In the case j 
z—323 
(3232 — 3024-79) V52 — bx +131 
we have =e b 
Th. 


2— 30z-- VM 5)? +4, 
52? — 50x 4-131 — 5 (z — 5)?--6. 
Putting z —5—£, the transformed result is 
io P 
(BE? + 4) 582-6 
301. Taking the general case then, we suppose for the 
dT 
d: = az? + 2byz- e, = p’ + HE”, 
Y 2 age? 2b + e, — pÂ +H, 
where £,=2—2,, £24—, 
so that -=t t, and dé, —-d£&-dx. 
. Also, we are to use the transformation . 
-E gg Kt + A+ o Pabst Gabe? 
SE SCRE a,x*+ 2b,0+¢, PHL” 
and 1 dy pid — mid dés 
2ydz per +k? pite) 


-[P» Pal (gen Bs 


present |; n : 


Pis Pe 
14 


N Porgy = s). q P» +a, = vt 
i piti qi. —5,, i Da*id- data — by; 


i We 2 ACA f= — ax Ee — 
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* Cz ayb,—ajb, = (Pot 19 (P81 029) — (Pr H0) (P + 153) 
= (P345 —p31:) (91 —2,) = +K, 

ie. K—-- sc 
bi» bal 
when expressed in terms of the original coefficients. 

The points on the graph of 

| a24 2b 0, 
a+b e+e’ ‘ 

where the ordinate has a maximum or a minimum value, 
ùe. the “turning-points,” are given by 


d ; 
M —0, 4e. by ££,=0, 
and are therefore at &=0 and £,—0, i.e. at v=x; and z—2,; 
and the values of the corresponding ordinates, viz. y, and yz, 
are plainly q 
2 


y qı and gy,— Ps. 


Pt 
We shall suppose the graph such that x=2, gives the 
minimum ordinate and «=, the maximum, and that z, >2,. 


Again, clearly y=% is an asymptote, and the curve cuts 
1 


the y-axis where y xs It cuts the z-axis where 


at? + 2b,x-- c, — 0, 
l.e. in real points P, Q if b,? > a,c,, 
; in unreal points if 5,* — aC. 
It cuts the asymptote where 
agz*--2b,r--c, a, 
a,z3--2b,--e, a,’ 
ie. where r= a ie a = ; A 


1€. at a point R at a finite distance from the y-axis, unless 
a,b,—a,b,=0, a case for the present excluded. 

There are three cases with which we are concerned, i.e. in 
which some portion of the graph lies on the upper side of the 
z-axis, otherwise ~Y would be unreal. 
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(1) ^ 


-00 


c xt eel 


302. These are typical cases. It will be seen that we have 
taken z, >g, and the turning-points both on the right-hand 
side of the y-axis, ùe. z, and x, both positive. The student 
will have no difficulty in making the necessary modifications 
for any partieular case in which the numerical values of the 
several constants are given. It is to be observed that p, and 
qı are necessarily both positive, for a, has been taken positive, 
and the roots of 


a,z*-4- 2b1z 4-ec, zz Q, i.e. p1i&- 416-0, 
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are imaginary ; also that p, and q, cannot both be negative, for 
V pa£?--q5£,? is to be real. Moreover, p, is the positive one, 
for p,/p, is being regarded as the maximum ordinate. 

As unreal values of X4/Y (ie. X? Vy) are to be excluded, 
and X is to be regarded as positive, it will be clear that we 
shall only be concerned with those portions of these graphs in 
which y is positive, and the limits of integration of 

Mz+N 
lxye i 
must be such as to lie within the boundaries of such regions 
as make this true. 

In Fig. 17, y is positive from «=—o to z— --oo, and the 

limits may therefore be any real quantities whatever. 

In Fig. 18, y is negative between z—OP (=),) and 

x=OQ (—A,); therefore the limits may be anything 
between —œ and A,, or between A, and +o, both 
limits to lie in the same region. 

In Fig. 19, y is only positive between z —A, and z—2,, and 

the limits must both lie between these values of z. 


303. The Integration after Preparation. 
We are now in a position to proceed with the integration of 
Mz-J-N 
I-|——- da, 
> XJ Y 
which we shall, to begin with, suppose to have been trans- 
formed as explained to the form 


s P£,--Q£, 
Iul lee 
Jag eee 2 


2 
Putting E =y, we have dr = — zm zz dy; 
2 


v 


also, yy = P e ES P» 01 [23 T K £f 
Pr PHL? Do» Ve p To —9 p 
y—y Pi? +9 obo? Pp hh [oon K Š. 
P HIE Q Do» Qol  %_—w, qX 


i-a ko4 A: UT TII the signs of the 
z 5m ny ambiguities being 


Mar qe governed by the signs 
& = rs > f d , 
vq, V toi, Jy y—9 ot fet fa 


å 
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i.e. both 4-"* if z,—2,«2, 
first —"*, second --"* if z, <8 <T 
both —"* if z c, 


As the typical case we take z, —, —z and both signs positive, 
and note that z,—2, = LEA if expressed in terms of the 
original coefficients. 

Substituting in the integral 
PAOB X* 4, 
2K) X N iN y && 

pi 49 xh. li 
c EIE &/ Jy 


" E Ty — T) x m lags 5 [oos "i 


= ae J — 11 sh-! v | 
JK(@,—2,) K(@,—2,) pa es Yo vd, Yı 
if y, be +"°; or, 
a - in-! Lg inf 4 
AK, —2,) Vp, j Y vq Do ae 
if y, be negative. 
And the suitable modification is to be made in these general 
results as to signs of radicals and reality of form in each 
numerical case which may present itself. 


304. TuE INTEGRATION WITHOUT A PRELIMINARY TRANS- 
FORMATION. 

If it be preferred to pass directly to the integration with- 
out the preliminary transformation, we proceed as follows: 


Mz--N 
(a,224- 2b,z 4- c4) Va- 9byz -- 6, 
_ ag} Dato, 
Hei Y= agir3bgce, 
Then 1 dy _ a+b, a42 4- b, 


2ydz agx--2b--c, 4,2°+2b,0+¢, 
s Een ii anie m. a 
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where J is the Jacobian of the two quadratic expressions 
a42?--2b,z--c,, a v?+2b,.7+0¢,, 
Jie 2a.z--2b,  2b,x--2c, 


viz. =| 2agz-4-2b,, 9b,2--2c, |. 
dy J 
Hence | i" 3X 


Let z,, z, be the roots of the equation J —0, and y,, y, the 
corresponding values of y. Then the points (z,, yj), (v, Yə) 
are the“ turning-points" of y, ie. the points of maximum or 
minimum ordinates of the graph. Let y, be the minimum 
ordinate, y, the maximum. 

The equation giving 2,, £, ùe. J =0, is obviously 

(a,b, —a;b,)* — (ca, —c,2,) 2 + (b,c. —5,0,) — 0, 
1e. Cz? — Bz-- A — 0, 
where A, B, C are the cofactors of a, b, c in the standard 


determinant 
A=|a; 5b, € 
a,, 5, 6 
Qs, b,, Cy > 


and we may write J = +40 (x —2,) (x —2;). 
Again, any straight line y=, will cut the graph of 
g= a? 2b.z 1-0, 
a42?-- 2bz 4- e, 
in two points which are coincident in the two cases u= yy 
and y =Y 
43 —044)2?-- 2 (b —b u)r -- c, —c 
Also y—p=y—u=! 2 14) T "T T2) +, iu 
Hence, when 4-9; or y, the numerator must contain 
(v —2,)* or (z —2,)* as a factor, and the equation 
(a4 —a,u)2?-- 2 (b, —b,u) 4- c5 —c,u — 0 
must have in these cases equal roots. 
Hence, the necessary values of u, viz. y, and y, are the 
roots of the quadratic 
(b; —b, u)? = (a4 —a1u) (cs —614), 
$e. — (b—2a,0,) u?-F- (a,04-- 504 —2b,5;) u+ (b? —a,0,) = 0, 
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| 
and y-n =la ay) 3 


> 


—y = (@Y2— 4&2) el 


[a, supposed positive, y, < zt, y. 2, y intermediate between 
1 1 
y; and y,, Figs. 17 and 18]. 


à 
Thus em, = +—* gg, 
(a, —9,91) 
i 
X —2X.-— = i caren Yo—Y, 
(4,42 —9) 
the signs of the right-hand sides 
being both positive, if 7,$<2,<@; 
the first positive, the second negative, if z, —z < Tz; 
both negative, if z za. 


Substituting in the original integral, and taking £; < z, — x 
as the standard case, we have 


Tu PIE =- [A c d 
T x AB MERI Xl I I 
=—2 pum xi 

Jy J 
Mz4N xi 


MES. pit Lus Macr 
4C J (z—2,)(z—2) Jy I 
SU 1 Xt Mr4N 1 E 


—€, XS—Z,./y —XQ,—4, T—T, Jy 


l Mz,--N Ras, d 
EE ds T y ) 
L 


TWE mts aaa, "m . 
^y Ny s —v) 
=+F cosh=14/ 2 +G ei if y, be positive, 
Yı 


or =+F sinh- Ti - —G inci if y, be negative, 
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where F and G are constants, viz. 


Mz,+N Mz,+N  11—— 
F =-= Ja, gu z 
JBi—AAÓ —4dG 04, /Bi—4AC Vaya Ge, 
for it has been seen above that C (x, —2,) =v B*—4AC. 
The suitable modification is to be made in these general 
results as to sign of radicals and reality of form in each 
numerical case which may present itself. 


305. Comparison of the Processes. Construction of Examples. 

Considerable arithmetical simplification accrues from the 
treatment shown in Art. 303, but of course at the cost of the 
_ initial reduction to the canonical form. 

The method there shown indicates a method of construction 
of such examples, for the values of p,, q,, Po, lz P, Q, £i Le 
are there all at choice, due care being taken that p,, q, are 
both taken positive, and that p,, g, are not both negative, as 
explained in Art. 302. 

[See a paper by Russell, cited by Greenhill, Chapter on the 
Integral Caleulus.] 


306. Various Forms of the Coefficients. 
The two coefficients may be thrown into various forms: 


Ple: 2 Lu — 
for since y—u= oom bagel ca" O ohim ac (Art. 304) 


is a fraction with (x—2,)? as a factor in the numerator when 
w=Y,, or with (c—a,)? in the numerator when u= y,, we have 
by comparison of coefficients 


(a5 —249,)2, +(6,—b,y,) = 0 


and (a, —2495) 3 d- (b, —b,y,) = 0, 
_ Ah +b, at, +b, 
i n= a 42, +b, m I= ata J-b, 
a,b,—a,b a,b, —a,b 
0, —049fi = vn and ay,—a,— T 
and a,b,—a,b,— K—C (Art. 301). 
Also Ath = 4) < p ibe b, v, --b, "E agx +b. 
P2 H9225 — b, f dA m. diis tt, ” 
Pot = ref E _ +b ig Lag +b, 
PtH] = —by ; "WC To —9, 
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whence we have the following modifications of the coefficients 
in Art. 303, viz.: 


P P 
JKp,(®—2,) | ~ JK(a,05-+0,) Jp, V Bi —AAC =p Mag, o, a, 
—. MerN — 0 MurN Easier hà 
x —2) VK (a7, --b,) - Jag, 4b, +b, B*—4AC 
Mz,-N 


"oan A46 NW —d,, ete. 
And similarly for the coefficient involving Q. 
307. Convenient General Form of the Result. 
It appears then that if y, and y, be respectively the 
minimum and maximum ordinates of 
| Our? 2b +C (2) 
 aex*-2bzr--e,N X/' 
and z, 2, the corresponding abscissae, and if Mz+N be 
written in the form P bed —x,), then the integral 


_ (Mz +N a 
Ip” 
can be written, amongst many other ways, in the convenient 
form y > 
PP, cos! af Z — QQ, cosh- Jt 
y» Yı 
or —PP, sin- y Z _QQ, sinh- d r 
Yz —" 
according as y, is -+° or —"*, 
where Py= _Vay2—4, 2 7» and Q= v 2,4—4,, I ay, 
a,b, —a.b, —asb, a,b 2 — Aap," 
provided a,b,—a,b, +0. 
308. Remark. 


It is further to be noticed that the two quadratics involved 
in this discussion, viz. 
(b,?—2,0,) y* + (1Co +a, —2b,b;) y + (b,*—a,0;) = 0, 
(a,b, —a,b;) x — (Ca, —e,2,)z +-(b,¢, —b,0,) = 0, 
are transformable the one into the other by the homographic 
transformation a,xz-+-b, 
Y - a2 b, 
The one gives the ordinates (7, Yə), the other the abscissae (£4, £3) 
of the turning points. [See Salmon, Higher Algebra, p. 173.] 
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309. A. Special Case. 
It remains to diseuss the case we have so far excluded, 
viz. when cay. 
æ, 0z 
In this case the asymptote of the graph of 
Jatera 
Y= adt 95,z- pe, 
does not meet the graph at a finite distance from the y-axis, 
and one of the two turning points has disappeared. It has 
been seen that the expression can, however, be written 


a, 


=); viz. y=" 


yat kt , where p=% = -4 "° by Art. 294, 
Pig 4 "T 
P2 = 05, b b 
f= T— T zi SE i -< , 
b2 92... My 
brc =+" by Art. 294, 
=C,——. 
Qs — 65 a, 


Mw Dod ac. o DEOR dan P 
ds 2ydz pq, pd (Ps Patt) Xty 


d 
and m —2(p,ds —p:4)) or 
Also £—0 gives the turning point, viz. z—2,, y=y,; and y, 
obviously is =. The only forms of the graph with which 


we are concerned are the four following. Cases, in which 
the graph lies entirely below the z-axis, give rise to entirely 
unreal values of /Y. Note the symmetry in all cases of the 
graph about an ordinate through the turning point. 


a, positive 
52 <a,c, 


bal 2s 
a 9, 


Fig. 20. 


A SPECIAL CASE. 301 


a, positive 


62 >azc, 


a: oe 
— » of 
a" o, 


Fig. 22. 


with corresponding forms if a, be negative, viz. 


In the case a, negative, b,2<a,c,, the graph is entirely 
below the z-axis. 


310. When the graph cuts the z-axis, as in Figs. 21 and 23, 
at points P, Q, VY is unreal for the value of æ intermediate 
between P and Q, i.e. intermediate between the roots of 


a,z*--2b.x --c, — 0, 
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if a, be positive, but real for such values of z, if a, be negative. 
Hence, in the first and third cases (Figs. 20 and 22) the limits 
of integration may be any whatever ; in the second case (Fig. 21) 
both limits must be in the region from —oo to the smaller root 
of the quadratic, or in the region from the larger root to +; 
or in the fourth case (Fig. 23), a, being negative, /Y is unreal 
for all values of z which are not intermediate between these 
roots. Thus in the fourth case the integration is only to be con- 
sidered when both limits lie intermediate between the roots of 


a,x2*+-2b,0-+e, = 
And in the fifth case, viz. a, —**, b <ac, JY is unreal for 
the whole range v= — œ to z— 4- o. 


We have also 
mf*i-45 4 P - 
YN p mpg q^ s PH), y- 
Pé--Q i j 
= |——___>__———d£_ splits up into two integrals, viz. 
ane rx 
2} (p,E?+-q,)V PoE? +g J (P E+) P+ 
The first falls under the class discussed in Art. 277, and 


.P gh RNS sin-! 4h PEH: 
2 V Pi Dd: —P192) Po \ PiE +H 


or pis PEN ind eosh-! Pı PE +92 
2 Jp, (P192 — P21) P» YPE HN 
P 2 a p; 7 p,£*4-q, T 
or v it sinh s NL. PUE 
2 Jpi(psds —p30:) —p, Y pé m 


the real form to be chosen. 
For the on integral, 


Q iis LAS 
X/Y Y  2(pq,—P41) Jl xWy € 


quei CRF 


Di - (DG — P) Jy & £ dy 
2 Vg, (PA — P4) JA y(y—v) according as 
Q 1 dy Y > T Yr» 


or rp arc ec eH " 
2 di P302 — P4) Jy(y,—u =y) 
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i.e. Q -= borin cosh^t AE 
VO (Poth (Pits — P4) Yı 


Q 3 the real form 
or "V. ae: Se ee ee - 5 
Ja. (Pot, — P92) th to be chosen. 
1 
Vd, CLOVE pa) y 


Hence we have 


(1) (»135—2,4)) F: Y and .. q, +", p, +", 
=- PE apt ae Viv deat a |; 
aa V pi : 
(2) (p,4,—2.0;) —'5 y, and .. 4, +, p, +", 
fel Pry fyt cosh- ph hh |: 
a [=| Um , 
(3) (».33—2:30) +° Yı ri Oa F Pe — 
sis easter 
SRIENE 2 ons 1,/_P_ y—- sin, /21 ,, |; 
Vinge—Poi VP; =p we, C Ng 
(4) (p,d—2,0) —*, y, and .. gg —", p, +™, 


[p, Q 
— gin-! — .sinh314/.41. ] : 
pa) TE PI Jg, —4q," 


results of similar forms to those obtained when up, and 


again the coefficients may be expressed in various 7 


311. We note that the first of the two integrals, which has 
been referred for its integration to Art. 277, for which the 
substitution would be p,£?--q,— y?, might equally well be 
obtained by the substitution 


PÊ +o _ - 
PEH e dd 


ie.the same as used in the second integral Upon this sub- 
stitution being made in the integral I, we get a result of form 


aj dy--B[7 zi ^ 
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In the first of these we substitute for VX its value in terms 
of y, viz. fid; —pid; : 
Py — P2 


Sa 2 
In the second we form y,—y= Lt han G d 
1 


and substitute for Y its value, viz. Bs Bs 192 — 


ue 4 
as shown. 
312. Illustrative Examples. 
Ex. 1. Consider the integral 
Tz Í Foi s MAL... nca ci MAE 
- J (32*—2x + 1) J 2z?—9» +1 
(a) without reduction to the canonical form, (b) first reducing it as in 
Art. 296. 


: —2r+1 
(a) Putting y= aaa asni (= =x) 


l dy 2-1 3r-1 


2y dr 9zr!—9r41 3x*-Qrt1 


L£(r-1) xz(z-1) 
a i AME LUN 


dz, 


The turning points are given by z—-0and z—1. If z—0, y=1; if x=1, 
s=} . 
1 21-25 w+ s 
m= CES-€s41 X 


J-3735— Sel 40354964 a > 
were mt JX 1 


- ie z-l1 Jad F assuming 721; 


Eo "du Eu 
^ra +) VX dy 
72] WX *z-1 Ny 


1 1 V2 
=>- — d 
2 (aH cp) Y 
= — cos-!A/y + /2 cosh-! /2y 


Qa? 2m +1 N gz!—9r41 
= 1 -1 pc a Ee uc NLIS. 
en! Aa agai Posh NS 
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The graph of the transformation formula in this case is shown in Fig. 24. 


Fig. 24. 


And the signs selected refer to values of «> 1, and we have 
1,=[ -cossy + M cost y |" 
1 


if A,, A, be the limits and both > 1. 
If z lie between 0 and 1, we have 


vx 1 and Ve NER. Mc 
«7 Micy UU a-17 JR Jy-Y 


and we shall have 
* Ag 
1=[ - eost dg - 8 coh gy |. 
1 
if A,, A, both lie between O and 1. 
If z lie between — œ and 0, 
Mr deg ^s d NOU SUL 
eT cy "orti dcl 
and we shall have 
Re ^ 
n-| + cos-!/y — ^/2 cosh-! Jy | 
1 
if A,, A, be both negative. 


If one limit, À;, falls on one side of a turning point, say z—1, and 
0<A,<1, and the other, Az, on the opposite side, Ze. A,>1, the 
integration should be conducted from the lower limit to the turning 
point with the corresponding result, say J, and from the turning point 
to the upper limit with the result J,. 


(b) Next let us transform to the canonical form 


P$, + Q: tly 


J (pé? + qe) Vpb? T 2,57) 


before integration. 
Here, by the rule of Art. 297, 


Pop d ^oO4i 4:0, hme) 


23,24 — (7, + 79) + 1-0; a0, n=l; 
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and P*d,—73,  p,tq,—2, P+Q=3, 
q=1, go=1, Gals 


—-n-2, g3—1, P=2, 
q,—1, ed @=1, } 5 
12] EL. 2+ é dx. 
(262+ £9 £6 24 é? 
é? +&,? dy 1:H it és e" 
- Imre FET à? age dub es tor &-&-li 


da-— dy 
2x Ad 
&=0 gives y=1, 
£,=0 gives y=}. 


ucl 


cede 
26 r£ NX Vx i 
s && NE 


=3/(z+ ap 
irr certs aa aes 


= — cos-14/ y +-V2 cosh-!A/2y, 
as before. f 


^ ya 


Ex. 2. As a case where z -b. consider the integration of 
a. Me 


52-9 
m (9364-10) TEE ii 
Writing z—3—£, da=dé, 
ya [568 
(Gao [eae 


9— 
Let gay 


. E umb E adu) UE LM 
A dy dT a gai Xt, and df= — dy; 


20 £ 
6 VX 
. I= alg EY 


"m 1 (X4 8 [VX dy 
Sup ui y 
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Now  (£*-1y-9-£*; - eae | and X=£?+1=——— 
y= $004 ity : 


=2V 10 sinh- y 


Therefore Í we dy =,/10 f TED 


: 9— i 
Pi = : 
—2A/10 sinh NE 


Also, at the maximum ordinate, £=0 and y— 9. 


48. 2315,15". 

And ridet Lc vie ie 
VX _ W10. 
£  X9-y 

taking 273, v.e. as --". 
Therefore, in the second integral, 
AX Z= 4o f 5-2 in WY; 
EERIE cari 


a. I - Hcc 
| uet T Al £ 
gV10sinh- VEN Jis ise’ 
ie. m" 
2 


sinh-! —— T. sin- 


ae 353" "s. F 6x — uh 
—6z--10 5 a1 — 6x--10 


The graph of the substitution formula, 
6r — x? 


y7 x 6r +10 
is shown in Fig. 25, 


Fig. 25. 


y attaining its maximum value 9 when z—3, and being negative for all 
values of x except such as lie between 0 and 6, and as we confine the 
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integration to real values of ~F the limits of integration are to be such 
that both lie within the region from 0 to 6. Also the sign of vx changes 
as æ increases through the value 3. Hence the signs adopted above 


JX A/10 
when we take —- = + apply to values of x between 3 and 6. 
VUE. NS Ce 
For values between O and 3 we must use Z- - Vie and make 


the corresponding change in the sign of the part of the result dependent 
thereon. 

313. Forms reducible to Case IV. 

As in previous cases, Arts. 281, 286, 288, attention is called 
to the varieties of form of integrals deducible from the case 
just considered, viz. X quadratie, Y quadratic. 


Lsin0-- M 
(1) Thus f sin? + 2bsin 0 +c 


_ Lat T if sin 0—z. 
az? + 9bx +c AJ] — a 
( Lsin 6+ Mcos 0-- .N 
) asin? + 2b sin O +c 
Li +N dx Mdz 
$ 


ax? + 2bz +c y] -x2 12? + 2b +e 


dO reduces to 


dô reduces to 


Lsin 0 4- Mcos 0 + N sik 
(3 ) [assa T Sene B zc cos? @ + 2b cos @ +e 6, similarly. 
Lsin 6+ M cos 0 j 
(4) asin?@ + 2b sin 6 cos 6 + c cos? Ó dð, by putting tan 0—z. 
Lsinhu+ M eS 
©) jzubiua E2222 similarly to (1). 
Lsinh u + M cosh u + N any 
(6) f a sinb?w +2bsinh u + c du, similarly to (2). 


Lsinh u + M cosh u 
asinh?u + 2b sinh u cosh u + c cosh?u 


Ma+N ie WAS o 
8) If i In lesser 
wedge. (az? + 2b, +c) Nasa +2b,0 + 6; t 2b, + Cy 


we put waste, de=(1 -L)as 
[ap ll Mat 
[a (241) * 2b, (z +1)+ d | Ni ay (2+3) + "(D 


(7) du, by tanhw-z. 
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where d, d, are written for c, + 2a,, c; + 2a; respectively ; so that 
T= f (M2 + Nz + M)(z —1)dz i 
(ag2* + 25,22 + dz? + 9byz + a4) ag + 25,2 + dz! + 2b,z + ay 
Hence, if F be a “reciprocal” quadratic function of z, and X, Y 
reciprocal eas expressions in z, we can integrate 


E 
I|- l)dz by the substitution 247-c. 
(9) Similarly 
f (Mz + Nz — M) (2+1) dz / 
(a^ + 2b, + dz? — 9b,z + a.) ag + 9,2 + ds — 2b, + ag 
integrates by the substitution z— lla. 
314. The Case of Y =a Reciprocal Quartic. 
Let Y be any reciprocal binary quartic expression 
= az* + 4bz? + 6ez? -- 45x +a. 


Then J -|== l Y reduces at once to the form 


d. 
frian 
by the substitution n+. =2, whence (1 E 
For Y =a a(22+) +40 2+2)+60] 
=2*[az? + 4bz+ 6c — 2a] 
=az' (2 +e 45? — 6ac 4- d 


a? 


= ar az? (z i - where K —2(25* —3ac--a?); 


LM he OR, rs Um OU: NY 
Nm p Rer 


which, by Arts. 80, 81, 


1 JaY 

——-sinh-——, if K b+“ 

ia DM and a+": 
or T cosh-! a if K be 
or 5 -1 ar, if a be 
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Note that if K be positive, the factors of Y as expressed in 
terms of z are real; 
if K be negative, unreal ; 


and that aY+ Kz? is a perfect square. 
315. A Similar Case. 
In the same way, if 
Y, 2 az*-|- 4ba*+ 6ex?— 4ba-+-a, 
the integration of ? 
pt | z'--1 dz 
Fa x ZI. 
For Y, =o a(+5 +45(2—Z) + 6c 
a CS. ge T 
=x? [az?+4bz+6c+ 2a] 
2 2__Gac — 
=az'| (2+2) 2 Bhan Te 


a* 


can be effected by the substitution 2d at, 


\2 
— aa? [(2+2) z where K, = 2(2b?—3ac—a’) ; 


PE a: dz i 1 dz 
NE" ^ 9b? K,  M—a| |]K, / 3b 

e, ru alate 
if K, be + °°, 


and a +", 
dE Eae T ew 


1 zb 1 ve. 
or Beet TK’ if a be —"*; 
also, Y, expressed in terms of z has real or unreal factors, as 
K, is +° or —"*, and a Y, 4- K,2? is a perfect square. 
In the integrations of these two articles, since the final form 
exhibited is arrived at by the conversion of a function of z into a 
function of Y, or of Y,, in which process a square root is extracted 


(eg. sin! ate = cos! A 1— et E = ete.) , 


it is desirable to check by direct differentiation the sign of all 
numerical results obtained. 


NAL FOIN AKAN nl 
WW VV .I UII l . Of g : DI 
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316. Other Forms. 
'The substitutions 


respectively reduce 

z?—1 dx z3--l dz 

Joa y E roms JT, 
Y and Y, denoting the same quartic functions as before. 
[See Greenhill’s Chapter on the Integral Calculus, p. 41.] 


For taking z+ = we have, differentiating logarithmically, 


1 1 
2 eae 4.€ gi—lga- IE 
m z z?--1 z 
T 
and JY=a2 [a2-2-1-4521--6c — 2a]! ; 
= Se rac d: 
a*ElJY = JJa+4bz+(6c—2a)z’ 


whose integral can be written down by Art. 80. 


And similarly, if pte 
z £ 


63 POLL, 
EI z 
and ES sm = — uns NUI 
eels, Ja+ 4bz+ (60+ 2a)z? 


whose integral can be written down as before. 
The integrals 


ea ae on Sa 
Jis tert JY’ jadis s, VY,’ 

z*—] x da z+1 x dz 
IER ag*-baz-ra, JY? jJa*—1 aq?--b;z—a, JY, 


are reduced to forms already considered by the same sub- 
stitutions, and are therefore integrable. 
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Similarly, if Y 2ap*z*--45pa? + 6cxr?+-4bqr+aq?, 
Y, = ep*z* --Abpa? +-6cx* — 4592 --aq?, 
the integrations of 


pz*—g. dz q_ 
| z dY. po4-7-2, 
a—q dx 1 
a d JY' can be effected pr41--, 
iati i by the respective 
law ; TE substitutions po—t—z, : 
pz?+g , dx .g..1 
pe—q JY, pee 
Ex. Consider the lag 
ey Pa: Se E 
J A462? + Jatt t+] 
1 
Au a T j(i- i)a 
JA Dena )-1 
3 1 zdz 
and putting tos; I= | opps 
Put 2-1l=w’, zdz=wdw; 
Te SE tassi 
5+w? 4/5 V5 
teint apnea ae phe e 
E Nwt+5 5 Z4 
=z sin-! z*--ax?4-1 
» 5 ai 6z3l 
317. Summing up. 
It will now be clear that any integration of the form 
$ (x) da 
W(x) Jaz?+ ba-+e 


can be effected, where ¢ and y are rational integral algebraic 
functions of a. 


For if dvd be n into the form 


y (2) 
Na+’ 
Dy Ana” tE up as apy + Uae Beto 
x » oe " 
tXEupERTPOY, 
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as explained in the chapter on Partial Fractions, then of the 
resulting integrals 
z" dx is reducible to a lower order by Art. 
(1) | rer azi--bxz--c 240, and integrable. 
has been considered in 


(2) eee Art. 287. 

(3) {— dz | reduces by the method 
BIETET: ' of Art. 290. 

(4) (Xz+ pw’) da has been considered in 
las Bz--O)Jazxi-bz-c Art, 291. 


(a+ "da 
5 n_a 

wo M PETENS we we 

is best got by differentiation with regard to C of the result 

for the case where s=1, as will be explained later. This 

method may also be adopted in (3). 


318. GENERAL CONSIDERATION OF THE POSITION. 


We have therefore now completed the integration of the 
most general function of z of form 


A+BJR 
C+DVJR’ 
where A, B,C, D are rational integral algebraic functions of 
€ of any degree, and R is a rational integral algebraic function 
of æ of degree 1 or 2. 
For rationalizing the denominator, 
A--BJR  (A-- BJR)(C— DAR) 
C-DJR C?— D*E 
_AC—BDR (BC—AD)R. 1 
— C—DR' C-—LDR JR 
Mom SUI 
M N VES 
where P,Q, M, N are rational integral algebraic functions of c. 
Now l 
Q 


and if " be put into partial fractions, IE: "t dz can, as has 


dz is integrable by the methods of partial fractions; 
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been explained, be expressed as the sum of a finite number of 
such terms as have been discussed in the present chapter; and 
each term may then be integrated. 

Hence the theory of the integration of 


A+BJR 
C+DJR 


is now complete, where R is linear or quadratic. And it will 
be noted that the integration has been in all cases effected in 
terms of the known algebraic, logarithmic, inverse circular or 
inverse hyperbolic functions. 

When R is of higher degree than the second, it has been 
seen that in some special cases the integration can still be 
effected in terms of the elementary functions, but for the 
general discussion of the cases where R is cubic or quartic, 
we shall require the elliptic functions, and in general for forms 
of R of higher degree than the fourth, we should require the 
functions known as hyperelliptic. 


dz 


GENERAL EXAMPLES. 
1. Obtain the following integrals : 


(i) fa +a) tat de. (ii) fa 2) (1 + 22y? dz. 


(iii) [re 23042 Fae. (iv) fa 2) (1 +e +2) È dz. 


dU ETITA ; £ +g- l 
(v) [Ae (vi) Í GINES 
dx d. 
(vii) ig gebe (viii) s Xam "i " 


2. Integrate (i) | d qe 
. In EET mori 
8 ( (a+ 2) Ja? — 1 à) [7 da. 
[Barnes Scnor., 1887.] 
3. Show that 
dz c 1 Um 1-3 epte 
a a 4 — ——- 
(z — p) Va + 2bx + cz? { - (a+ 2bp + ep?) }* (z - p) Vb? — ac 
where p lies between the roots of a+ 20x + cz? — 0, supposed real. 
[TniNrTY, 1886 and 1891.] 
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4. Show that 
oi aE [Ete Hach 
(22 +a?) xt. al? -a? INEF ; 
3 
and — > pm. gan a al tae if a b. 
ana? — b? 
5. Prove that 
| (z 4-1) dz ayer 3a? —2z41 
(222 — 2x + 1) / 3a? — 2z +1 2a? — 22+1 
13053. , [52-221 
Ja N 221 - 2x - 1. 
6. Integrate 


(i) f (3a + 4) dz tii) f dx 
(52 + 82) V42? — 2241 (a? + 2aa + 92) 1? + 2az +c?” 


where a<b<ce. 
x da 


7. Integrate (i) lax CETTE [Sr. Jouy’s, 1888. ] 
(ii) Jets s is 
(a? + a?) A; n 


(a c). [Sr. Joun’s, 1889.] 


Gii) lane 0 Ja EIU (Trinity, 1888.] 
8. Find the values of 
sin z dz 


e Be z+ cosa)/(cosz+cosB)(cosz+cosy) [v 1890.] 
dz 
Gi) f 


cos (a + a)A/cos (z + B) cos(z + y). [y, 1890.] 


9. Integrate [— — 22 ^ 
(a? — az + 2?) (a* + a?2? + gi 
transforming by the substitution 
T? -- az +a? =Y? (2? — az 4- a?). [a, 1884.] 
(8z - 13) dz 
(32? — 10z + 9) / — 2? + 10z — 13 
(ii) aoe 
(a - 1)(z - 2)V(@ — 3)(a — 4) [Corz., 1892.] 
(iii) | (z+ 9) dz 
(a? — 5z + 4)Jz* — 2z + 2 
: (z — a) dz 
Gv) | (z -b)(z - e)(z - d) dz -6 
(v) IRI | (0*3)iz «^ 
(Z2 -cr- 42 zr-2 


10. Integrate (i) | 
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1l. Integrat i siad aie y 
. Integrate (i) « PW orem hak [Corr., 1901. ] 
æ Ma? — 1) 
(i) V2 zl 


12. Show that 
sin (z — a) _1 (008 € Xa (ns 
f NaIT (a+ a) dz = cos a cos (= =) - z siti cosh sin =} 


[Corr., 1901. ] 
3 1 - 22? E 1+2? 
13. Integrate (i) 53m + 973 prd [R. P.] 


. P. ; EULER, C.I, 


"fratre z) A vol. iv.] 


(iii) bod TA [Oxr. I. P., 1900.] 
14, Evaluate the integral 


dz 
f (a? — tan?z) (9 - tan?z)* [Marn. TRIP., 1886.] 
15. Prove that 


[EL morrendetali et E 
sinzsinf(2z--.a)  Vsina sing [CoLL., 1892.] 


16. Show how to integrate 
f fe  g) (aa? + ba + o) dz, 

where n is any positive or negative integer. [a, 1890.] 
Mick die GEMINAS cer ERA 
(a-2bz co?) (a+ 2be-+cx%)# — ÜTmrsrTY, 1889.] 

18. Prove by the substitution 

y? = (az? + 9bz  c)/ (42? + 2 Ba + C), 
where 4 and AC — P? are positive, that the integral 
| (Mz + N) dz 
(A2? + 2 Bz + C) az? + 2bz +e 

becomes of the form 


17. Show that 


dy dy 
AA y ey 
where A, and A, are the roots of the quadratic 
(a - X4) (c - AC) - (b - XB)? =0, 
and P,, P, are definite constants. 
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Integrate completely the function 
z4-3 


(22? — 102 + 17) / 42? — 2624+ 49° 


(Maru. Trip., 1891.] 


19. Prove |, Viana - tanh?z dz — 7 (1 - sech a). [8, 1889.] 


20. Integrate [ereimeree imr dz. — (Ox. II. P., 1902.] 


in?z da 
21. Integrate =e : 
(1 + cos?z),/1 + cos’a +costz [St. Jonw's, 1882.] 


! dz 
and evaluate L (a? +a) 1-2 . 


da 
29. Show that E NER Se aci e P ERE 
starr Í (z-a) JA + 2Br4 Ó 
is transcendental unless 4a? + 2Ba + C = 0. [J. M. Scu. Ox., 1904.] 
Establish the results 


: dz 1 2 (a - 4z 5) 
G Jaca : z-1 


" dx NU _1V3 + 2z - 222 
and (ii) leaves Şi 2)/(3 + 2z — 22°) = sin “Vi(a—2) 


[Corr. a, 1890.] 
23. Show that 


"4 —— (1-az)( — be) dz  -v92-ab 
aü-3arxad)(-3z-89.Ji-3 21-ab [51884] 


24. Describe the steps whereby the integral of a rational function 
of a single variable, z, can be obtained. 


Prove that if the sign of summation refer to the suffixes 1, 2, 3 
in cyclical order, the integral 


r 9 z ex in Me 
faz Kaajtz EATR Poe 3 ed 
J E-a) 2-6 
is a certain constant multiple of 
(2 a) (e - Be - e) - e) - 6) 
[Marn. TRIP., 1896.] 
25. Determine the degenerate form of the elliptic integral 
ds 
| G-s)G-s6-S) C ^ 


when s, is made to coincide with s, or with s. — [Iwr. Arts, Lonpon.] 
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26. Prove, by means of the substitution es 42, that 


dx —2 qu lE 
(@-y)V@—a)(2-B) V(«-y)- B) y-B 2-a 
or ? zu. [e-x»rB 


MS RUE th i EVE [en 
X (a — y) (B — y) B-y t-« 

: [Ixv. Arts, Lonpon.] 

27. Prove that 


1 dz 1 1 ) 4 
k (1 +2)(2+2)Va(l. x J6/ 
[Matu. Trip. I., 1912.] 
28. Show that the integral 


da 
| Z4 32? + 2x — 1 
is rationalized by the assumption x= (1 + y?)/(3 - 42), and hence, or 
otherwise, find its value. 
Prove that if m be a positive proper fraction, the value of the 


&bove integral when taken between limits : and 


as when taken between limits M xS and LUE $ 
24m m(2 4- m) 


(Maru. Trip. I., 1910.] 


1 is the same 
2+m 


29. Prove by means of the substitution 


4-2 a-dc- 


-t-b b-cy-d' 
a 


that, if m be any positive quantity, anda>b>c>d, 


(a — 2)(z - c)" 
| [exe 26:0, (z - ICE) is 
A a-d b-c 
((a-2)(c - 2))"7t 
-| qea d) ee Pae 


[Matu. TRIP., 1878.] 


[See Wolstenholme’s Mathematical Problems, Numbers 1900-1903 for a 
group of similar examples. ] 


30. By the transformation pz + 1 — A/2pg[z, integrate 


[5 a i da: 
pxi4-q Spat + g (Cf. Evuer, O.T., iv., p. 22.] 
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31. Apply the transformation 2? + 


= = 2/2? to integrate 
. (V1 +24. a? dx 
o [X 4m Gi Fert ATTE 
[Eurzn, C.I., iv.] 
32. Show that 


oem 2d0 _, cos0 V dk cos 0 
sin8d/cos20 b Veo 28 


A/cos 20° 
33. Show that the transformation 


{(a+ ba") — Bo") = (ey 


will reduce the integration 


1 
4 a lh = to the form A Rm 
(a + ba") {(a + ba? — P? pa Us 


[EuLER, C.I., iv., 53 and 56; Peacock, p. 305.] 
34. (i) Show that 


Lia 
e (2 — 2?) re fl Im 
(1-2)J1- z? 1—a’  [Pracock, p. 309.] 
n-1 
and (ii) integrate Jude 
35. Integrate 
. (2-32 /l+a ... {sind + 2 cos50 
(i) [5 + 3x 4 E rhe oy | cos 0 sin 40 e 
[Sr. Joun’s, 1881.] 
36. Show that 
wal a. a li y -l(y-oy 
9 INE 3^8 ‘lye (y-c) J? 


d er? 
»^ Z -g ` 


where 


(ii) [a +1 


gorii 
a-l J] -arta M Tc FEl” 


[Harr, I.C., p. 325.] 
37. If F(x, y) be a rational algebraic function of x and y, show 
that 


Piriac pig? 
fre, V 14-22) (z 4- /1 4-23)! da 
may be integrated by the transformation æ = sinh (q log 2) 
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38. Show that 
(i) [ (cos 20) cos 0 d0 


Ur DUELO f 
= isin 6(3 + 2 cos 26) cos 20 + g sin" (4/2 sin 6). 


Gi) — sin 6 Saale ( cos a ). 
Vsin?a — sin? 8 cos 0 +4/sin?a — sin? 0 
92 cos 6 zt a8 : 
(it) fedos irga] 
39. Show that 
a 1 c e eh 
T: EH 
e i ee de= T GE TEE a3 ety 
d. tke 
+z? PM Rod 
(ii) f st? dz=1 tzt siut Adware.) 
40. If $(2)=a9+3 Ag ix aga*+..., show that 


(i) $F cost 0 sin) 00 = 1?.a, + as ; aes i 3r a,+.... 


2 20 A 1.3.52 
(ii) on T3! ZoE 3) + i(3 23) *s(2:s) T 
E: 4 )y1A3 2b 7b. 3x. 171.9. 03 
(ii) s -h(3) +a(sa talio 
[ANGLIN. ] 


41. Integrate 
j sin 20 d0 


(i) | Vsint0 + 4 sin?0 cos?0 + 2 cost? 


(ii) | (2 - 1) dz 
(2-2 1) +484 4224 441 
42. If J be the Jacobian of two quadratic functions of z, viz. 
Uy = 4,27 +2b,04+6,, Ug= aot? + Wow + Cg, 
=l 2(ax +b), 2(b,a+¢,) 
d 2 (age +b);  2(byt +c) h 
show that if u, —0, u, =0 have no positive roots, then 


—. dz=2log 42 
jii Saye, 
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43. By means of the identity 


d 
f (a+sinè"coszde= | (1 +a — sin?z)* sin z dz, 
prove that 
1 2 -3 
anno, +90, 400, ess 
- (Lea - 2 (Lact 30 D (pi ges 


| 93 %(n - 1)(n - 2) 4 
Leger E W NUS (1+a)"-*+.... 
[WoLsTENROLME, Problems, No, 1929; WicarNs, E. Times, No. 13323. ] 
44. Show that 


(i) an 40, t Lig 


pra tt he mri 
RSS ur 
(p + 2)(p + 4)(p +6) VT 
3 
=(1 +a)" - "o5 sd ay ec Et EC 4 ajei 


a (P+1)(p + 3)(p+5) iis 
- Cro 2)(pt 4)(p* 6) * 9 $4... 


^0, 


(ii) a" 4^0, E an-1b +20, 252 


1.3 p 
(p 2)(p* 4) 
1.3.5 at 
(p+2)(p + 4)(p 6) 
= (ay - "02t (ae yen ER EQ (aiti 
ng, (P+1)(P+3)(P+5) pn 
- Cs (p+ 2)(p +4)(p +6) V 4 b) 305 4. .... 


tC, B+... 


45. (i) Integrate 
| 223 -1 dz 
z$.-2:9—2*?--1 77 [Ox. I. P., 1903.] 
(ii) Integrate 
(325 — 1) dz 
29 + 225 — 162? + 1* 
(iii) Prove that 
*(1— sin 6 cos 0 + sin?0) cos?0d0 _ lor /3 
A" (1 + sin Ó cos 0) Ds bw 
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46. (i) Show that 


1 a” 

Mal x —n—] Eb id dide. 
[^ (1- a 2)"3 dz xpi 
(ii) Evaluate 


5 (a +h- yn qn 
f. Os gal) tn 


How could your result be applied to the summation of series? 
[a, 1886.] 


47. Discuss the integration of 


P Mt Gary, ey Lig Ja, 

> Wwb (zs TLUx]" Fit TU 

where f denotes a rational integral algebraic function of the 
quantities indicated. [Lacrorx, C.I., ii., p. 35.] 


48. If F(z) be a rational integral algebraic function of z, show 


"n P ; , T 
that =k, where k is the coefficient of — in the product 
aVJ1—2 a 


1 1 yt soy .d 
F(a) Lita Tu ii 2.4 at «| > [Sr. Joun’s, 1891.] 
or where £k is the constant term in the expansion of x an i 
gz2 F 
H [Coxn., 1892.] 


49. If f(z) be an LER legis polynomial of degree n- 1, 
and 


Piu AX s (t a)" (x — b)", 
where Á is a constant, then 


f f(z) P, (2) de — 0. 


[Lonp. Univ.] 
50. Prove that 
S cda a 
— — = ——— log sec a. 
f coszcos(a—2) sina [Corr., 1896. ] 
51. Show that if a be less than unity, 
f zsinzdz 207a 
o 1 +a? cos?z a [a, 1891.] 
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: bz. . aQ2 
52. Integrate (i) [uc sin ja d^- i, 1881.] 
2 
Gi) E ars p * [Sr. Joun’s, 1885.] 


53. From the definition of a Bessel's function, viz. 


X ore x” È a gt 
, ?)7 3T ae DL  39n-23)'2.4(9m-2)(n4) vf 
derive the results 


posh ie Jo(z sin 0) sin 0 d6, 


be wef J (asin 6) 40. 
z 0 [Corr., 1896.] 


54. Integrate i) yeas): 


a 1 
Gy abun. 
V(1-csinz)(2--sinz) ^ [Marm. Tmrr., 1897.] 


55. Show that 
$ (sin denne 


sin nz 
where the pii of the function ¢ is Toii by the relation 


[sine g sin nz dz — sin? nz t 


m(m — 1) 
HO) mua qa Gay = (OP) ^ 
m(m — 1)(m — 2) (m — 3) 
* (i8 — n) (n8 — (m - BP} (n - (m — 4j] 
m being a positive integer and n not being of the form t (m 2r), 


Mesi 


Where r is a positive integer not greater than 3 ; 
[Matu, Trie., 1897.] 
56. Draw graphs of the transformation formula 
(ax? + 20,2 +c) y? — a 2? + 2b ^ c, 
corresponding to those of Arts. 301 and 309 for 
(a52? + 2b,z + c,)y = a 2? + 26,2 + c4. 
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